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A simple consistency check is proposed for the Fermi liquid description of the low-temperature
properties of quasi-two-dimensional metals. In a quasi-two-dimensional Fermi liquid the Zeeman
splitting of magnetic oscillations can be used to determine g∗, the gyro-magnetic ratio which is
renormalised by many-body effects. It is shown that g∗/g is equal to Wilson’s ratio R, the dimen-
sionless ratio of the low-temperature spin susceptibility to the specific heat coefficient. Measured
values of g∗/g and R are compared for the layered perovskite Sr2RuO4 and for a range of organic
metals based on the BEDT-TTF molecule. It is also shown that the Pauli paramagnetic limiting
magnetic field, at which singlet superconductivity should be destroyed by the Zeeman splitting of
the electron spins, is changed from the values given by BCS theory by a factor of g∗/g.
Organic molecular crystals based on the BEDT-TTF
molecule are particularly rich low-dimensional electronic
systems in which there is competition between metal-
lic, insulating, magnetic, and superconducting phases.1,2
It has recently been argued that the κ-(BEDT-TTF)2X
family are strongly correlated electron systems.3,4 At
temperatures above about 30 K they have a number of
properties that are inconsistent with a Fermi liquid: the
resistivity and thermopower have a non-monotonic tem-
perature dependence, the mean-free path is less than a
lattice constant, and there is no Drude peak in the op-
tical conductivity. However, the metallic state at low-
temperature has some properties consistent with a Fermi
liquid: the resistivity is quadratic in temperature, the
thermopower is linear in temperature, a Drude peak is
present, and magnetic oscillations can be observed.4 Sim-
ilar issues are also relevant for the layered perovskite
Sr2RuO4.
5 It is important to find quantitative measures
of the strength of the correlations and concrete tests of
the extent to which the low-temperature metallic prop-
erties can be described by a Fermi liquid picture. In this
paper I propose such a test: comparison of Wilson’s ra-
tio to the renormalized g-factor deduced from the spin
splitting of magnetic oscillations.
Wilson’s ratio has proved to be useful in characterising
strongly correlated Fermi liquids. In a Fermi liquid the
low-temperature electronic specific heat C(T ) is linear in
temperature, with a slope γ. The magnetic susceptibil-
ity χ(T ) is independent of temperature for low temper-
atures. Wilson’s ratio (also known as the Sommerfeld
ratio) is defined as the dimensionless quantity
R ≡
4π2k2Bχ(0)
3(gµB)2γ
(1)
where g is the gyro-magnetic ratio in the absence of in-
teractions and µB is the Bohr magneton. For a non-
interacting Fermi gas R = 1. In terms of Landau’s Fermi
liquid parameters, R = (1+F a0 )
−1.6 Wilson showed that
for the Kondo model the impurity contributions to χ(0)
and γ give a universal value of R = 2, independent of the
strength of the interactions.7 In an isotropic Fermi liquid
with a local self energy (i.e., independent of momentum)
it can be shown8 that R < 2, and for purely repulsive
interactions 1 < R < 2, while for purely attractive in-
teractions R < 1. In La1−xSrxO3, the doping induced
Mott-Hubbard transition is approached as x → 0 and
both χ(0) and γ increase significantly with decreasing x
but R tends to value of 2, independent of the doping.9
For heavy fermion metals, even though γ and χ(0) can
be as much as a hundred times the values predicted by
band structure calculations, R is in the range 0.3 to 2.10
Although there is some uncertainty in the absolute value
of R (because of uncertainty in the value of the g that
should be used in defining R), the trend is that as one
goes from superconducting to non-magnetic to magnetic
heavy fermion materials R increases.10 The observed val-
ues of R can constrain theories of strongly correlated
Fermi liquids. For example, certain heavy fermion mod-
els involving strong ferromagnetic correlations have been
ruled out because they predict too large a value for R.11
The weak pressure dependence of R for liquid 3He has
been used to argue that 3He is “almost localized,” i.e.,
close to a Mott-Hubbard transition, rather than close to
a ferromagnetic transition, as suggested by paramagnon
theories.6
I now give a general expression for R in the case of a
quasi-two-dimensional Fermi liquid with a circular Fermi
surface of radius kF within each layer and which has a
self energy Σσ(ω, k) that is independent of the momen-
tum direction. σ = ±1 is the spin index. The discus-
sion that follows is similar to Luttinger’s treatment of
an isotropic three-dimensional Fermi liquid with a lo-
cal self energy12 and Hewson’s treatment of the Ander-
son model.13 This self energy includes the effect of both
electron-electron interactions and electron-phonon inter-
actions. Let ǫk = k
2/mb ≃ kF (k−kF )/mb be the electron
dispersion in the absence of interactions where mb is the
band mass. The quasiparticle energies Ekσ in the pres-
ence of a Zeeman splitting 2h = gµBB due to a magnetic
field B are given by the roots of
1
Ekσ − ǫk −
σ
2
gµBB − Σσ(Ekσ , k, h) = 0 (2)
We can expand the self energy to first order in the energy
and magnetic field to find that the quasi-particle energies
are
Ekσ =
kF (k − kF )
m∗
−
σ
2
g∗µBB (3)
where m∗ is the effective mass, including all many-body
effects, given by
mb
m∗
=
1− mb
kF
∂ReΣ(0,kF ,0)
∂k
1− ∂ReΣ(0,kF ,0)
∂ω
. (4)
The renormalised g-factor is
g∗
g
=
1− ∂ReΣ(0,kF ,0)
∂h
1− ∂ReΣ(0,kF ,0)
∂ω
. (5)
The specific heat coefficient and spin susceptibility are
then
γ =
m∗
mb
γ0 χ(0) =
g∗
g
m∗
mb
χ0 (6)
where γ0 and χ0 are the values in the absence of interac-
tions. Hence, Wilson’s ratio (1) is
R =
g∗
g
(7)
I now review how in a quasi-two-dimensional metal
with a single closed Fermi surface g∗/g can be deter-
mined from magnetic oscillations.14 The amplitude of
Shubnikov - de Haas and de Haas - van Alphen oscilla-
tions is proportional to RTRS where RS is defined below
and15
RT =
X
sinhX
X =
2π2kBTm
∗
h¯eB cos θ
(8)
where θ is the angle between the magnetic field and the
normal to the conducting layers. RT describes how the
oscillation amplitude is reduced due to the phase smear-
ing from finite temperature. This temperature depen-
dence can be used to determine the effective mass, m∗,
which can be compared with the band massmb calculated
from band structure. In organic metals, the ratio m∗/mb
is often in the range of 2-5, suggesting large many-body
effects. However, band structure estimates of mb can dif-
fer by as much as a factor of two16, and so this does
not represent a very reliable method of determining the
magnitude of many-body effects. The factor
RS = cos
(
πS
2
)
= cos
(
π
2 cos θ
g∗m∗
me
)
(9)
describes the relative phase of the spin-split Landau lev-
els where me is the mass of a free electron. S is the ratio
of the Zeeman splitting g∗µBB to the cyclotron split-
ting h¯ωc = h¯eB cos θ/m
∗. Quasi-two-dimensional sys-
tems have the distinct advantage that by tilting the field
the phase factor S can be varied and g∗m∗ and deduced.
This was first done for the two-dimensional electron gas
in a semiconductor heterostructure by Fang and Stiles17.
It has been done for a range of quasi-two-dimensional
metals1 by finding more than one angle at which the am-
plitude of the magnetic oscillations vanishes (these are
referred to as spin-split zeroes). Table I contains a list
of the values of g∗ deduced by this method for various
quasi-two-dimensional metals. The bare g-factor g can
be measured by electron spin resonance and in BEDT-
TTF crystals typically has values in the range 2.00 to
2.01.18–21 Hence, it is sufficient to take g = 2.
Table II lists the Wilson’s ratioR for various quasi-two-
dimensional metals deduced from thermodynamic mea-
surements. In the α and κ systems which involve more
than one Fermi surface one might be cautious about com-
paring these values of R with the values of g∗/g deduced
from magnetic oscillations because R contains contribu-
tions from all of the Fermi surfaces whereas g∗ is de-
termined for a particular surface. However, if the self
energy is the same on all Fermi surfaces then R should
equal g∗/g.
For five materials values of both R and g∗/g are avail-
able. For α-(BEDT-TTF)2NH4Hg(SCN)4, β-(BEDT-
TTF)2I3, and β
′′
-(BEDT-TTF)2SF5CH2CF2SO3 the
two values agree and for κ-(BEDT-TTF)2Cu(SCN)2 they
do not. For Sr2RuO4 they almost agree. It is highly de-
sirable that Table II be completed so that comparisons
can be made for a wide range of materials. Note that
generally g∗/g determined from magnetic oscillations will
have a smaller uncertainty than R determined from ther-
modynamic measurements. Furthermore, g∗/g can be
determined under pressure, whereas measuring the spe-
cific heat coefficient γ under pressure would be extremely
difficult. This provides a useful way of observing how the
correlations vary with pressure.
Finally, I consider how in a Fermi liquid the Pauli
paramagnetic limit is modified by many-body effects. In
a spin singlet superconductor for magnetic fields larger
than a critical value BP , the superconductivity is de-
stroyed by the Zeeman splitting of the electron spins
breaking apart Cooper pairs.22,23 In weak-coupling BCS
theory the transition temperature Tc in a field B is given
by the solutions of24
ln(
Tc
T c0
)−Ψ(
1
2
) + ReΨ(
1
2
+
ih
2πTc
) = 0 (10)
where Tc0 is the transition temperature in zero field and
Ψ is the digamma function. This gives at low tempera-
tures
BBCSP ≃
3.6kBTc0
gµB
. (11)
How is this result modified by many-body effects? In the
derivation of (10) the Matsubura energy ǫn = (2n+1)πT
2
is replaced by ǫn(1 −
∂ReΣ(0,kF ,0)
∂ω
) and h is replaced by
h(1 − ∂ReΣ(0,kF ,0)
∂h
). As a result, I obtain (11) with g re-
placed with g∗. From Table I it can be seen that for most
of the BEDT-TTF superconductors this will be a small
correction. Hence, the many-body effects are not a possi-
ble explaination of the fact that in many organics the up-
per critical field, for fields parallel to the layers, exceeds
the paramagnetic limit calculated from BCS theory.23
In conclusion, it has been shown that the consistency of
a Fermi liquid description of the low-temperature prop-
erties of quasi-one-dimensional metals can be tested by
comparing the values of Wilson’s ratio R determined
from thermodynamic measurements to values determined
from the spin splitting of magnetic oscillations. The val-
ues obtained may constrain microscopic theories of the
metallic state of these materials. It should be stressed
that the fact that R is close to one does not necessar-
ily mean that the interactions are weak. This is demon-
strated by the fact that there are heavy fermion materials
with values close to one.
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TABLE I. Values of the renormalised g-factor for various quasi-two-dimensional metals, determined from the spin splitting
of magnetic oscillations. The effective mass m∗ is determined from the temperature dependence of the amplitude of the
oscillations (see Eq. (8)). A value of g = 2 has been used, consistent with electron spin resonance experiments. Uncertainties
are only given if they are given in the original reference.
m∗/me g
∗m∗/me g
∗/g Ref.
α-(BEDT-TTF)2NH4Hg(SCN)4 2.6 ± 0.1 4.45 ± 0.05 0.86 ± 0.05 25–27
α-(BEDT-TTF)2KHg(SeCN)4 1.9 3.66 1.0 28,27
α-(BEDT-TTF)2TlHg(SeCN)4 2.0 ± 0.1 3.75 ± 0.02 0.94 ± 0.05 29
α-(BEDT-TTF)2KHg(SCN)4 (24 T) 1.9
30 3.63 1.0 27
α-(BEDT-TTF)2KHg(SCN)4 (below 23 T) 1.6
30 4.7 1.5 27
κ-(BEDT-TTF)2Cu(SCN)2 3.3 ± 0.3 5.2 0.8 25
κ-(BEDT-TTF)2Cu[N(CN)2]Br 5.4 ± 0.1
31, 6.4 ± 0.532
κ-(BEDT-TTF)2I3 3.9 ± 0.1 8.63 1.14 33
κ-(BETS)2GaCl4 3.27 6.6 1.0 34
βH -(BEDT-TTF)2I3 4.2 ± 0.2 12.0 1.5 35
β-(BEDT-TTF)2IBr2 4.0 9.0 1.15 36
β
′′
-(BEDT-TTF)2SF5CH2CF2SO3 1.90 ± 0.05 3.90 ± 0.05 1.00 ± 0.03 37
Sr2RuO4 4.3 10.6 1.2 38
TABLE II. Wilson’s ratio R for various quasi-two-dimensional metals deduced from measurements of the specific heat
coefficient γ and the spin susceptibility χ(0). These values of R can be compared to the values of g∗/g given in Table I. (In
the units used here, Eq. (1) with g = 2 becomes R = 0.73χ(0)/γ).
γ (mJ/(K2 mol)) χ(0) (10−5emu/mol) R
α-(BEDT-TTF)2NH4Hg(SCN)4 26 ± 1
39, 29 ± 240 24 ± 241 0.7 ± 0.2
κ-(BEDT-TTF)2Cu(SCN)2 25 ± 3
42 43 ± 320,43 1.4 ± 0.2
κ-(BEDT-TTF)2Cu[N(CN)2]Br 22 ± 3
44 43 ± 343 1.4 ± 0.2
κ-(BEDT-TTF)2I3 19 ± 1.5
45
β-(BEDT-TTF)2I3 24 ± 3
46 44 ± 319,43,47 1.4 ± 0.2
β-(BEDT-TTF)2IBr2 75 ± 5
48
β
′′
-(BEDT-TTF)2SF5CH2CF2SO3 19 ± 1
49 26 ± 450 1.0 ± 0.2
Sr2RuO4 37.4
51 7652 1.5
4
